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INTRODUCTION
A Galoistype correspondence for prime algebras acted upon by finite
 dimensional pointed Hopf algebras was described by the second author Y
for Sweedler’s four-dimensional Hopf algebra. In his paper the author also
defined the framework for the Hopf algebras version of the Galois corre-
spondence theory and proved first basic results. Following his ideas, a
 Galois-type correspondence was established in W1 for any finite dimen-
sional pointed Hopf algebra acting on a prime algebra, provided the action
 is outer and the characteristic of the base field k 0. Both papers W1, Y
used Milinski’s definition for outer actions of pointed Hopf algebras and
 the ‘‘nice’’ properties of such actions as defined and proved in Mi1 . The
results generalize previous results for actions of finite groups of outer
 automorphisms MP, Kh1 and of restricted Lie algebras of outer deriva-
 tions Kh1 .
 However, in W1, Theorem 2.1 , there is a mistake appearing in its very
 last part and, accordingly, the assertion of W1, Corollary 2.2 cannot be
1 Research for this paper was done while the author was spending a sabbatical at the
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Ž .inferred. Example 0.4 is a counterexample to that assertion. Although the
mistake can be dealt with within the context of that paper, there are good
  Ž   .reasons for re-proving the results. The proofs in W1 and in Y as well
are very technical and conceptually unclear, whereas in this paper the
proofs are based on general properties of outer actions. The more general
approach, resulting from a better understanding of the subject by both
authors, yields proofs that are shorter and conceptually clearer. Moreover,
 the opcop argument used in the proof of W1, Theorem 2.3 is incom-
plete. Hence we prove here a result which completes the opcop argument
Ž .Lemma 1.3 , after preparing some basic tools, and give then a complete
proof for the injectivity part of the correspondence.
In this paper we prove a Galois-type correspondence theory for actions
of pointed Hopf algebras. Let R be a prime algebra. We denote by Q the
symmetric Martindale quotient ring of R and by K the extended centroid.
For nonempty subsets V, W of any ring, let V W denote the centralizer of
W in V. Let H be a finite dimensional pointed Hopf algebra acting on R.
 It is known that the action of H can be extended to Q Mo2 and it follows
that QH is an overring for KH and R. For U R, set
U
 U  KH .Ž . Ž .
We prove in Theorem 1.4 and Theorem 2.6 that  determines a corre-
spondence between the set of rationally complete subalgebras U of R
containing R H and the set of right H-comodule subalgebras  of KH
Ž  containing K. If H kG for a finite group G, as seen in Y , this
correspondence gives Kharchenko’s Galois correspondence for actions of
  .finite groups of outer automorphisms MP, Kh1 . Moreover,
R ŽU .U and  R  .Ž .
The fact that the map  is injective follows from the bimodule property of
intermediate subalgebras of R. The surjective part is proved by consider-
ing a normal Hopf subalgebra of H that commutes with K. We then show
that a right H-comodule subalgebra of KH containing K possess an
integral, and we use that integral to prove that the map  is surjective.
Preliminaries
Throughout, we assume that all algebras, coalgebras, and tensor prod-
ucts are defined over a fixed field k. R represents a prime algebra and F
the set of all nonzero ideals of R. We denote by R the left MartindaleF
quotient ring of R, by Q the symmetric Martindale quotient ring, and by K
Ž .the extended centroid the center of Q . It is known that K is a field.
Let H be a finite dimensional pointed Hopf algebra with comultiplica-
tion , counit  , and antipode S. Assume that R is a left H-module
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 algebra. It was proved in Mo2 that the action of H on R is continuous;
i.e., for any I F and hH, there exists J F with h  J I. Therefore
the action of H uniquely extends to Q and R so that R and Q are alsoF F
left H-module algebras. Thus we can define the smash product algebras
RHQH R H.F
A subalgebra U of R is called rationally complete if aIU implies
aU for a R and a nonzero ideal I of U. It follows immediately that
PROPOSITION 0.1. If a rationally complete subalgebra U of R contains a
nonzero ideal of R, then U R.
On the other hand, a subalgebra QH is called a right H-comodule
Ž .subalgebra if id    H.Q
Ž . Ž . Ž .For a, xQ and hH, define ah  x a h  x and x	 ah 
Ž .Sh  xa , where S is the inverse map of S. Then it is straightforward that
Ž . Ž .Q is a left resp. right QH-module via  resp. 	 .
For nonempty subsets V, W in any ring, set
W  4V    V 
 w w , wW .
Note that R H  RH coincides with the set of invariants of R; i.e.,
H  Ž . 4R  r R 
 h  r  h r, hH .
 The following definition is due to Milinski Mi1 :
Ž .RDEFINITION 0.2. The action of H is X-outer if QH  K.
We list below some basic properties of X-outer actions.
PROPOSITION 0.3. Assume that the action of H on R is X-outer. Let U be
a subalgebra of R containing R H. Then
Ž .1. For 0 qQ, QH, and I F,   Iq  0 implies  0.
2. If Ua 0 for QH, then  0 or a 0. In particular, U is
a prime ring.
Ž .3. Eery nonzero R, U -subbimodule of Q contains a nonzero ideal
of R.
4. For I F and a left R-map f : I RH, there exists  R HF
Ž .such that f r  r for any r R.
5. K is stable under the action of H.
Ž .U Ž .U Ž .U6. R H  QH  KH .F
Ž .U7. KH is a right H-comodule subalgebra.
 Proof. 1 is implied by Mi1, 4.1, Y, 3.5 . 2 is shown by using the same
    method as Mi1, 4.3 . 3 and 4 are proved in Y, 4.3 and Mi1, Lemma
Ž .    1.3 5 , respectively. 5 follows from Mi2, 15.3 and 6 from Mi1, 4.3.2 . 7 is
 Ž .implied from Mi2, 3.10 2 .
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It follows from 5 above that KH is defined. Moreover, it is an
H-comodule algebra via 	 id .
For U R, set
U
 U  KH .Ž . Ž .
At this point we wish to explain what part of the original proof cited in
 W1, Theorem 2.1 was incorrect. The very last part of the theorem is
 based on the following W1, p. 619, 1.1317 :
If 
 Sh  U then h 
  U .Ž . Ž .Ý Ýl l l l
l l
This is true only if H is cocommutative; otherwise, we have the follow-
ing counterexample.
² :EXAMPLE 0.4. Let R k u,  be the algebra generated by non-com-
mutative indeterminates u,  over k. Then R is a prime algebra and the
 symmetric Martindale quotient algebra of R is R itself Kh2, p. 318 . The
extended centroid of R is k. Let HH , i.e., a k-algebra generated by4
2 2 Ž .generators X, Y and relations X  1, Y  0, YXXY,  X  X
Ž .X,  Y  1 Y Y X.
Define the action of H on R by X  
 
 , X  u , X    u,
Y  
 0, Y  u 1, and Y   1, where 
 k. Since both of the
actions of X and Y are not inner, the action of H on R is X-outer Mi1,
3.5 .
Y Ž  4.Set U R  r R 
 Y  r 0 . Then it is clear that u U and
Ž . Ž .S XY Y U . But a direct computation shows that XYu 
Ž .XuYuXY. It follows that XY is not contained in  U .
Since we will be using an opcop argument in our proof we would like
to prepare its basic tools. For any algebra A, Aop represents the opposite
algebra of A, i.e., the algebra obtained by using A as a vector space with
reverse multiplication. We denote by H cop the bialgebra obtained from H
by using the coopposite comultiplication. H cop is a Hopf algebra with
op copantipode S. If A is a left H-module algebra, then A is a left H -mod-
ule algebra.
For aQ and hH, define the map  : QHQopH cop by
 ah  Sh  aSh .Ž . Ý 1 2
We have the following:
PROPOSITION 0.5. 1.  is a bijectie anti-algebra map whose inerse map
Ž . Ž . is gien by  ah Ý Sh  a Sh .2 1
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Ž .2.  is a right H-comodule subalgebra of QH if and only if   is a
right H cop-comodule subalgebra of QopH cop.
Proof. Let a, bQ and h, kH. We denote the multiplication of
op
Q by .
1.  is an anti-algebra map since
 ah bk   a h  b h kŽ . Ž . Ž .Ž . Ž .Ý 1 2
 Sk  Sh  a h  b S h kŽ . Ž .Ž .Ž .Ý 1 2 1 3 2
 Sk  Sh  a b Sk ShŽ .Ž .Ý 1 1 2 2
 Sk  Sh  a Sk  b Sk ShŽ . Ž .Ž .Ý 2 1 1 3 2
 Sk  b Sk  Sh  a Sk ShŽ . Ž .Ž .Ý 1 2 1 3 2
 Sk  bSk Sh  aSh   bk  ah .Ž . Ž .Ž . Ž .Ý 1 2 1 2
It is straightforward to check that  id and similarly  id.
Ž .2. If  is a right comodule algebra,   is an algebra by 1. For
Ýa h ,i i
      Sh  a Sh  ShŽ . Ž .Ý Ý0 1 i1 i i2 i3
cop    S    H .Ž . Ž .Ý 0 1
Ž . copHence,   is a right H -comodule.
The reverse direction is shown similarly.
1. INJECTIVITY OF THE GALOIS CORRESPONDENCE
In this section we prove the first part of the correspondence theory
between intermediate subalgebras of R and right comodule subalgebras of
KH.
 We start with a basic theorem that generalizes Mi1, Theorem 2.3 . A
special version of it is a truncation theorem which was used for previous
proofs of the Galois correspondence.
THEOREM 1.1. Let H be a finite dimensional pointed Hopf algebra acting
on a prime algebra R so that the action is X-outer. Let U be a subalgebra of R
H Ž .containing R and let M be a nonzero RH, U -subbimodule of QH.
Ž .Then there exist I F and  U satisfying 0 IM.
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Proof. Let HH be the coradical filtration of H and let n be then
Ž .minimal integer with M QH  0. By the TaftWilson theoremn
 Mo1, 5.4.1; TW , we have a k-space X with H  X H and a basisn n n n1
 4 Ž . Ž .x for X with  x    x HH , where  G H . So, ani n i i i n1 i
element in QH can be uniquely written in the form Ý a x  y,n i i i
a Q, yQH . Take an element  such that the number ofi n1
nonzero terms a x appearing in  is minimal. Set a a . We mayi i 1
assume   1 as M is a left H-module.1
Ž .For r R and sU, we have r sÝ ra   s x QH . Byi i i i n1
the assumption on  it follows that, for r  R and s U, Ý r as  0j j j j j
implies Ý r  s  0. Hence, the mapj j j
f : RaU r as  r  s MÝ Ýj j j j
j
Ž .is well defined. f 0 by Proposition 0.3 1 .
Note that JU RH for some J F. As f is a left R-map, by
Ž . Ž .Proposition 0.3 3 and Proposition 0.3 4 , there exist I F with I JaU
Ž .and  R H satisfying x f x for all x I.F
We claim that  0. Indeed if  0 then, for all x I and y JaU,
Ž . Ž . Ž . Ž .we have 0 xy f xy  xf y , implying If y  0 and so f y  0 for
all y JaU. Therefore JU 0, a contradiction.
Now, for any xÝr as  I and sU,j j
xs r as s r  s s xs.Ý Ýj j j j
Ž .U Ž .So, s s and hence  R H  U . It follows now that 0 IF
M as desired.
Choosing an appropriate module M yields the following:
LEMMA 1.2. For a rationally complete subalgebra U containing R H, there
exists a nonzero right ideal of R ŽU . contained in U.
Proof. Let M RStU, where t is a nonzero left integral of H. M is a
Ž . Ž .nonzero RH, U -bimodule as hSt 
 h St for all hH, where 
 is
the distinguished group-like element of H*. By Theorem 1.1, there exist
Ž .I F and  U satisfying 0 IM.
We claim that J I R ŽU . 0. Indeed, as the action of H is continu-
Ž .ous, we have I F with t  I I. By Proposition 0.3 1 it follows
0 t  I I R H  J. Thus J is a nonzero ideal of R ŽU .. Note that
J  J.
Ž . Ž . Ž .Now, R	 J  R	RStU t  R UU. It follows that R	 J 
 ŽU .Ž .R	 J is a nonzero right ideal of R contained in U.
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To prove the existence of a nonzero left ideal of R ŽU . contained in U
we use the opcop argument. For a subalgebra U op of Rop, we define
Ž . Ž cop.U op U  KH . Then Proposition 0.5 implies the following:
LEMMA 1.3. Let U be a subalgebra of R containing R H. Then we hae
Ž  ŽU ..op Ž op.ŽU op .R  R .
Ž . Ž .Proof. For uQ and QH, u  u in QH   u u 
in QopH cop. Similarly, for uQop and  QopH cop, u   u in
op cop Ž . Ž . Ž op.Q H     u u   in QH. So we have  U 
Ž Ž .. Ž  ŽU ..op Ž op.Ž ŽU ..  U , and R  R . The conclusion is obtained from
these facts.
Now we are ready to prove our main theorem:
THEOREM 1.4. Let R be a prime algebra and H a finite dimensional
pointed Hopf algebra acting on R. If the action of H is X-outer, then
R ŽU .U for any subalgebra U of R containing R H.
Proof. We have a nonzero right ideal A of R ŽU . contained in U by
Lemma 1.2.
On the other hand, H cop is a finite dimensional pointed Hopf algebra
op  acting on R and the action is X-outer Y, 3.6 . Applying Lemma 1.2 for
op op cop op Ž op.ŽU op .U , R , and H , we have a nonzero right ideal B of R
contained in U op. By Lemma 1.3, B is a nonzero left ideal of R ŽU ..
Hence, BUA is an ideal of R ŽU . contained in U and BUA 0 by
 ŽU .Ž .Proposition 0.3 2 . Proposition 0.1 implies that U R .
2. SURJECTIVITY OF THE GALOIS CORRESPONDENCE
Throughout we let R, Q, K , and H be as in the previous section. We
add the assumption that char k 0. The proof that the Galois correspon-
dence is surjective is based on a central property of outer actions of
  pointed Hopf algebras stated in W2 . It follows from W2, Proposition
1.12, Corollary 2.4, Theorem 2.5 that
PROPOSITION 2.1. Let H act on R so that the action is outer and assume
K Ž .char k 0. Set HH , H HKer  . Then
1. H is a normal Hopf subalgebra of H.
Ž .2. Let  : HHH H be the Hopf algebra quotient map. Then
Ž . Ž . Ž .HH H  kG, where GG H G H .
   43. Let HH be the coradical filtration of H TW , let X  0 ,n 0
 4and X satisfies H  X H . For X , choose a basis h withn, n 0 n n n1 n, n 0 i
Ž . Ž . Ž . h  h      h  X  X , where  ,  G H and  hi i i i i n1 n1 i i i
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1 1 Ž . Ž . 0. Then  h H,   H, and  h  0. Thus  h  0 for alli i i i i
h X , all n.n
Now, KH is a kG comodule via
	 id    	  id    id   .Ž . Ž . Ž .KH KH kH K H
Thus, KH is graded by G. Every H-comodule subalgebra  of KH is a
1Ž .G-graded subalgebra of KH with   	   . Set
G  G H and H.Ž . Ž .
We prove
LEMMA 2.2. Let  be an H-comodule subalgebra of KH containing K.
Then
Ž . Ž .1. for G  ,   0 if and only if G   ; 
2.  .1
Proof. 1. Let Ým 
 h , where either h   H or h  Xi1 i i i i 0 i n i
and
 h  h      h  X  X . 1Ž . Ž .i i i i i n 1 n 1i i
We claim first that
m
0  
 h ,       i . 2Ž .Ý i i  i
i1
mŽ . Ž . Ž .Indeed, by Proposition 2.1 3 , 	  Ý 
 h   . For any G,i1 i i i
set
J  1 jm 
    . 4 j
Then
  	   
 h   .Ž . Ž .Ý Ý j j
jJG 
But this implies that J  unless   . This proves our claim.
Ž .We wish to show that   0 implies that G   . Let   
Ž . Ž .and let n be maximal so that  KH  KH . If n 0 thenn n1
Ý 
  , which implies 
   and thus  ,    for all ii i i i i i
Ž .and we are done. Otherwise, assume h  X satisfies  h  h 1 n, n 0 1 1
Ž . Ž .  4   h  X  X . Then 	   
   h  x  y , h , y1 1 n1 n1 1 1 j j 1 j
linearly independent. Since  is an H-comodule it follows that 
 ;1
1Ž .thus . By Proposition 2.1 3 ,   H; hence     . Thus1 1
 is our desired group-like element.
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The reverse direction is obvious.
2. Clearly  . We wish to show the reverse inclusion. Let1
nÝ 
 h  . If, for all i, h   then   implies thati1 i i 1 i i i 1
Ž .  1; hence  H and we are done. Assume now that h satisfies 1 ;i i i
Ž . 1 Ž .then, by 2 ,  H. Since   H by Proposition 2.1 3 , it follows thati i i
Ž . 1 H. But by Proposition 2.1 3 we have also that  h H; hencei i i
h H for all i, and so .i
 By Mol, Theorem 8.1.7, Corollary 8.2.5 we have
COROLLARY 2.3. Let  be an H-comodule subalgebra of KH contain-
Ž .ing K. Then  is a kG  -Galois extension that satisfies the normal
Ž . Žbasis property. Hence  G  , for some cocycle Hom G
.G,  .
Ž .Proof. We show first that  is strongly graded. By Lemma 2.2 1 it is
1Ž .graded by G  . Moreover, for G  ,   as  is an algebraŽ .
1Ž .and G H is a finite group. It follows that   ; hence   1 1  
  Ž . . By U ,   is kG  -Galois. Moreover, for any G  , letŽ .1 1
1Ž . ; then since       , it follows that equality   1 
holds and so
   3Ž . 1
for all G  . But     as a left  -module and rightŽ . 1 1 1
Ž .kG  -comodule; hence  satisfies the normal basis property. The
 corollary follows now from DT .
We use the above structure theorem to prove the existence of general
integrals for H-comodule subalgebras of KH. Set
 id   Hom KH , K .Ž . Ž .ˆ K
Note that
 id  	  id   id  id    id . 4Ž . Ž . Ž .Ž .ˆ H KH K H K H KH
We define
DEFINITION 2.4. An element  is a left generalized integral for 
Ž .if     for all .ˆ
We prove
PROPOSITION 2.5. 1. Eery right H-comodule subalgebra  of KH,
containing K , possesses a generalized nonzero left integral  .
2. If   then    implies   .1 2   1 21 2
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Ž .Proof. 1. We have by 3 that Ý  . Since  KHGŽ .
  it follows from Ma2, Theorem 2.3 and Ko, Theorem 2.2 and Corollary
2.4 that there exists an integral 0  and, moreover, the space of
left integrals for  is one-dimensional over K. Set t Ý  .GŽ .  GŽ .
We claim that
  t  GŽ .
is a desired left integral for .
Ž . 1 Ž .Note that G  acts on  by     , G  , . Since
Ž .H is a normal Hopf subalgebra of H it follows that  is G  -stable, for
if  , that is,  Ý 
 h , h H, then    Ý   
  h 1i i i i i
. Now,
     Ý
Ž .G 
  1     by definition of the action of 1Ž . Ž .Ý
Ž .G 
  1    Ž .ˆÝ
Ž .G 
since 1    and  is a left integral for Ž .
  1  
 1 h  ˆÝ Ý i iž /
Ž . iG 
  1  
  h Ž .Ž .Ý Ý i i
Ž . iG 
 
  h Ž .Ý Ý i i
Ž . iG 
     .Ž .ˆ 
Ž .But Ý  , and    by 3 . Hence we have that, for  1 G
    ,1
    t   t             .Ž . Ž .ˆ ˆ GŽ . GŽ .   
This concludes the proof that  is a left integral for .
 Ž . Ž .2. By Corollary 2.3,    kG  and    kG  ,1 1  1 2 2  2
  Ž . Ž .where   , G  G  . If   then at least one of the1 2 1 2 1 2
  above inclusions is a strict inclusion. By Ma1 we have that  is free over2
  Ž . Ž . ; hence    kG  is free over    kG  at rank 1,1 2 2  2 1 1  1
and so, no element of  can be an integral for  .1 2
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ŽWe are ready now to prove our main theorem. In fact the following
 proof is the same as in W1, Corollary 2.8 , but we give it here for the sake
.of completeness.
THEOREM 2.6. Let H be a finite dimensional pointed Hopf algebra oer a
field k of characteristic 0. Let H act on a prime algebra R, let Q denote the
symmetric Martindale ring of quotients of R and let K denote the center of Q.
Assume that the action of H on R is X-outer. Then for any H-comodule
Ž  .subalgebra  KH containing K , we hae that  R .
Proof. Let  be a right subcomodule algebra of KH containing K.
 Ž .Take U R ; then  U . Let  be a nonzero left integral of , and
let I be a nonzero ideal of R satisfying 0   I R. Then   IU 
since for any , x I we have that
   x     x      x    x  ,Ž . Ž . Ž .ˆ 0  1 0  1 
Ž . Ž .where 	      H, and the last equality follows from 4 . It0 1
Ž .follows then that, for any   U ,
     x     x       x     x   .Ž . Ž . Ž . Ž . Ž .ˆ 0  1   0  1
 Ž  .Freeness of KH over K implies that    x     x for all x I,ˆ0  0 
Ž .  Ž  .which implies by Proposition 0.3 1 that       and hence   ˆ0  0  
Ž . Ž . Ž .    for all   U . Therefore  is a left integral for  U . Sinceˆ  
Ž .both  and  U have the same integral, they must be equal by Proposi-
tion 2.5.2.
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